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The next generation of galaxy surveys will allow us to test some fundamental aspects of the standard cosmolog-
ical model, including the assumption of a minimal coupling between the components of the dark sector. In this
paper, we present the Javalambre Physics of the Accelerated Universe Astrophysical Survey (J-PAS) forecasts on
a class of unified models where cold dark matter interacts with a vacuum energy, considering future observations
of baryon acoustic oscillations, redshift-space distortions, and the matter power spectrum. After providing a
general framework to study the background and linear perturbations, we focus on a concrete interacting model
without momentum exchange by taking into account the contribution of baryons. We compare the J-PAS results
with those expected for DESI and Euclid surveys and show that J-PAS is competitive to them, especially at low
redshifts. Indeed, the predicted errors for the interaction parameter, which measures the departure from aΛCDM
model, can be comparable to the actual errors derived from the current data of cosmic microwave background
temperature anisotropies.
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I. INTRODUCTION

The quest to uncover the origin of the underlying cause of late-time cosmic acceleration is one of the most important topics in
cosmology [1–4]. In the context of the Λ-Cold-Dark-Matter (ΛCDM) model [5, 6], gravity is described by Einstein’s General
Relativity in the presence of the cosmological constant Λ and non-relativistic dark matter. Although the ΛCDMmodel is treated
as a standard cosmological paradigm, the origins of the dark sector are largely unknown. Moreover, the recent observations
have shown that, in the ΛCDM model, there are tensions for today’s Hubble constant 𝐻0 between the measurements of Cosmic
Microwave Background (CMB) temperature anisotropies [7] and its direct measurements at low redshifts [8, 9].

Additionally, a basic hypothesis of standard cosmology is that non-relativistic matter, which forms galaxies and clusters,
obeys the continuity equation by its own. This conserved property holds if dark energy, the mechanism behind the late-time
acceleration, is a non-interacting vacuum energyΛ. If CDM interacts withΛ, the vacuum energy can be time-dependent [10–22].
Although the presence of Λ does not give rise to any dynamical degrees of freedom, the modified background evolution induced
by the coupling with CDM changes the cosmic distance to sources. Hence the interacting vacuum energy scenario can be
observationally distinguished from the uncoupled ΛCDM model [23].

In interacting vacuum energy models where the coupling is phenomenologically chosen to realize a desired background
evolution with late-time cosmic acceleration, it is non-trivial to deal with the dynamics of inhomogeneous perturbations in a
consistent way. [19] addressed this issue by considering the vacuum-energy perturbation 𝛿Λ induced by the energy or momentum
exchanges with CDM. Reflecting the fact that the four velocity of vacuum energy is undetermined, we need to make an assumption
that 𝛿Λ is related to other perturbations. One way is to assume that Λ depends on the CDM density 𝜌𝑐 [19], in which case 𝛿Λ has
a relation with the CDM perturbation 𝛿𝜌𝑐 . The other possible way is to consider the case in which either energy or momentum
exchange betweenΛ and CDM is absent [24]. In this paper we will provide a general theoretical framework of interacting vacuum
energy with CDM by taking into account baryons, but for the purpose of the J-PAS forecast, we will choose a concrete model in
which the momentum exchange is absent.

Without restricting the origin of late-time cosmic acceleration to the cosmological constant, there are also other phenomeno-
logical approaches to dynamical dark energy models coupled to CDM in which the dark energy equation of state 𝑤DE deviates
from −1 [25–45]. Numerous observational data including CMB, supernovae type Ia (SNeIa), and Baryon Acoustic Oscillations
(BAO) have been used to place constraints on such interacting models (see e.g., [46] and references therein). In particular, it was
shown that the presence of couplings between dark energy and CDM can alleviate the observational tension of 𝐻0 present in the
ΛCDM model [47–56]. There are also dynamical interacting models of dark energy with some concrete Lagrangians of scalar
fields or vector fields [57–72], in which case it is possible to reduce observational tensions of 𝜎8. In interacting models of dark
perfect fluids with a momentum exchange, it was recently shown that the observational tension of the ΛCDM model can be also
eased [73–75].

To place observational constraints on interacting models of dark energy, the next generation of galaxy surveys, such as
DESI [76], Euclid [77], SKA [78] and Javalambre Physics of the Accelerated Universe Astrophysical Survey (J-PAS) [79, 80],
will play major roles. In these models, not only the background evolution but also the dynamics of cosmological perturbations is
modified in comparison to theΛCDM.With high-precision observational data, there will be a chance of detecting the signature of
dark sector interactions, in spite of dark degeneracy mentioned in Refs. [81–86]. In this paper, we consider the simple interacting
vacuum energy model mentioned above and discuss expected cosmological impacts extracted from J-PAS [79, 80] measurements.
It is straightforward to extend the analysis to more general dynamical coupled dark energy models, but we will leave it for future
work due to their complexities.

Our purpose in this paper is twofold. First, we study the implications of J-PAS on a concrete interacting model characterized by
a coupling constant 𝛼 (defined in Sec. V). Second, we compare the J-PAS forecast results with those expected from the DESI [76]
and Euclid [77] surveys. For two configurations of area, i.e., 4000 deg2 and 8500 deg2, we consider the J-PAS information on
BAO, Redshift-Space Distortions (RSD), and the full matter power spectrum (PS), and perform a Fisher matrix forecast on the
parameter 𝛼, which also quantifies a possible deviation from the ΛCDM cosmology (𝛼 = 0). In order to improve the accuracy of
estimates, we also perform a multi-tracer analysis and compare all J-PAS forecasts with those expected by the DESI and Euclid
surveys. We find that J-PAS will be able to measure the interaction parameter with good sensitivity, and will provide the best
constraints on interaction in the redshift range 𝑧 . 0.5, thanks to the large number of emission line galaxies detectable in that
redshift range.

The outline of this paper is as follows. Section II briefly introduces the main characteristics of the J-PAS. General aspects
of interacting vacuum energy including the background equations of motion are discussed in Sec. III. In Sec. IV, we derive the
perturbation equations in a gauge-ready form and discuss different choices of gauges. In Sec. V, we present a concrete model
of interacting vacuum energy and study the background and perturbation dynamics taking into account baryon perturbations.
Sec. VI presents our Fisher matrix analysis, whereas Sec. VII discusses our main results, including a comparison with forecasts
for the DESI and Euclid surveys. We summarize our main conclusions in Sec. VIII.
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II. J-PAS

The J-PAS [79, 80] is a spectro-photometric, ground-based imaging survey that will observe 8500 deg2 of the northern sky.
The survey will be conducted at the Observatorio Astrofísico de Javalambre, a site on top of Pico del Buitre, a summit about
∼ 2000 m high above sea level at the Sierra de Javalambre (Spain).
The survey will be carried out in a seven-year observing program at a dedicated 2.5 m telescope, the Javalambre Survey

Telescope (JST/T250), equipped with a 1.2 Gigapixel camera (JPCam) with a large field of view of 4.2 deg2, and will incorporate
a 54 narrow- and 4 broad-band filter set covering the optical range. J-PAS will measure positions and redshifts for dozens of
millions of Luminous Red Galaxies (LRG), Emission Line Galaxies (ELG) and millions of Quasars (QSO), with an expected
photometric redshift precision of 𝜎(𝑧) = 0.003(1 + 𝑧), where 𝑧 is the redshift. Moreover, given its high photo-𝑧 precision, J-PAS
will detect nearly a hundred thousand clusters of galaxies up to the redshift 𝑧 ∼ 1 and several times more groups of galaxies.
They can be used to improve the constraints on cosmological parameters not just through the mass function but also through
high-precision definition of the cosmic web. For more details on J-PAS, we refer the reader to [79, 80].

III. GENERAL ASPECTS OF INTERACTING VACUUM ENERGY

We consider cold dark matter interacting with a vacuum energy Λ [10–21]. The CDM is described by a pressureless perfect
fluid given by the energy-momentum tensor

𝑇
`a
𝑐 = 𝜌𝑐𝑢

`𝑢a , (1)

where 𝜌𝑐 is the CDM density, and 𝑢` is the four velocity obeying the relation 𝑢`𝑢` = −1. The energy-momentum tensor of
vacuum is given by

𝑇
`a

Λ
= −Λ𝑔`a , (2)

where 𝑔`a is the metric tensor. The vacuum energy density �̂� and pressure �̂� satisfy �̂� = −�̂� = Λ, i.e., �̂� + �̂� = 0, so its four
velocity �̂�` is undefined. Unlike CDM, the vacuum energy does not act as a dynamical degree of freedom. Taking the covariant
derivative of Eq. (2), it follows that

𝑇
`a

Λ ;a = −𝑄` , (3)

where

𝑄` = Λ,a𝑔
`a . (4)

The semicolon and colon represent the covariant and partial derivatives, respectively. If there is the energy or momentum transfer
between CDM and vacuum energy, we have 𝑄` ≠ 0 and hence the vacuum energy becomes inhomogeneous in spacetime [19].
We assume that the total energy-momentum tensor 𝑇 `a = 𝑇

`a
𝑐 + 𝑇

`a

Λ
satisfies the continuity equation 𝑇 `a

;a = 0. On using
Eq. (3), the CDM sector obeys

𝑇
`a
𝑐 ;a = +𝑄` . (5)

We decompose 𝑄` in the form

𝑄` = 𝑄𝑢` + 𝑞` , (6)

where 𝑞` satisfies

𝑞`𝑢` = 0 . (7)

Substituting Eq. (6) into Eq. (4) and multiplying it by 𝑢`, it follows that

𝑄 = −Λ,a𝑢
a . (8)

On using Eqs. (4), (6), and (8), we obtain

𝑞` = Λ,a (𝑢`𝑢a + 𝑔`a) . (9)
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The quantities𝑄 and 𝑞` represent the energy transfer and momentum transfer, respectively. Indeed, the energy exchange between
two dark components is explicit by taking the products of 𝑢` in Eqs. (3) and (5) [70, 71], such that

𝑢`𝑇
`a

Λ ;a = +𝑄 , (10)

𝑢`𝑇
`a
𝑐 ;a = −𝑄 . (11)

On the right hand-side of these equations, the terms associated with the momentum transfer vanish because of the condition (7).
Let us consider the spatially flat Friedmann-Lamaître-Robertson-Walker (FLRW) spacetime given by the line element

d𝑠2 = −d𝑡2 + 𝑎2 (𝑡)𝛿𝑖 𝑗d𝑥𝑖d𝑥 𝑗 , (12)

where 𝑎 is the scale factor which depends on the cosmic time 𝑡. On this background, the CDM four velocity can be chosen as
𝑢` = (1, 0, 0, 0) and hence the momentum transfer (9) vanishes. Then, from Eqs. (10) and (11), it follows that

¤Λ = −𝑄 , (13)
¤𝜌𝑐 + 3𝐻𝜌𝑐 = 𝑄 , (14)

where a dot represents a derivative with respect to 𝑡, and 𝐻 ≡ ¤𝑎/𝑎 is the Hubble expansion rate. In the gravity sector we consider
general relativity with the Einstein equation

𝐺`a = 8𝜋𝐺
(
𝑇
`a
𝑐 + 𝑇

`a

Λ

)
, (15)

where𝐺`a is the Einstein tensor, and𝐺 is the gravitational constant. We neglect the contribution of baryons to the right hand-side
of Eq. (15), but we will include it in Secs. VA-VC. The background equations of motion following from Eq. (15) are

3𝐻2 = 8𝜋𝐺 (𝜌𝑐 + Λ) , (16)
¤𝐻 = −4𝜋𝐺𝜌𝑐 , (17)

where Eq. (17) can be also derived by taking the time derivative of Eq. (16) and employing Eqs. (13) and (14).

IV. COSMOLOGICAL PERTURBATIONS

Let us consider scalar perturbations on the flat FLRW background (12). The perturbed line element, which contains four
metric perturbations 𝐴, 𝐵, 𝜓, and 𝐸 , is given by [87]

d𝑠2 = − (1 + 2𝐴) d𝑡2 + 2𝑎𝜕𝑖𝐵d𝑡d𝑥𝑖 + 𝑎2
[
(1 − 2𝜓) 𝛿𝑖 𝑗 + 2𝜕𝑖𝜕 𝑗𝐸

]
d𝑥𝑖d𝑥 𝑗 , (18)

where we used the notation 𝜕𝑖 ≡ 𝜕/𝜕𝑥𝑖 . Since we are interested in the evolution of linear perturbations, we neglect the terms
higher than the first order in the following discussion.
For CDM, the energy density is decomposed into the background and perturbed parts, as 𝜌𝑐 = �̄�𝑐 + 𝛿𝜌𝑐 . The CDM four

velocity is defined by 𝑢` = d𝑥`/d𝜏, where 𝜏 is the proper time satisfying d𝜏 = (1 + 𝐴)d𝑡 for the perturbed line element (18). We
express the spatial component of 𝑢` as 𝑢𝑖 = 𝑎−1𝜕𝑖𝑣, where 𝑣 is the scalar velocity potential. Then, the CDM four velocities with
upper and lower indices are expressed as

𝑢` =

(
1 − 𝐴, 𝑎−1𝜕𝑖𝑣

)
, 𝑢` = (−1 − 𝐴, 𝜕𝑖\) , (19)

where

\ ≡ 𝑎 (𝑣 + 𝐵) . (20)

The four velocity of vacuum energy, �̂�`, can be defined by using the energy-momentum flow (4), such that

�̂�` = −
Λ,`

|Λ,aΛ
,a |1/2

, (21)

which obeys the relation �̂�`�̂�` = −1 for the time-like flow (Λ,aΛ
,a < 0). By introducing the vacuum energy velocity potentials

�̂� and \̂, as �̂�𝑖 = 𝑎−1𝜕𝑖 �̂� and \̂ = 𝑎(�̂� + 𝐵), we can express �̂�` in a fashion analogous to Eq. (19):

�̂�` =

(
1 − 𝐴, 𝑎−1𝜕𝑖 �̂�

)
, �̂�` =

(
−1 − 𝐴, 𝜕𝑖 \̂

)
. (22)

The vacuum energy has a perturbation 𝛿Λ, which is induced by the interaction with CDM. From Eq. (21) the spatial component
of �̂�` is �̂�𝑖 = −𝜕𝑖𝛿Λ/ ¤Λ, so the comparison with the second of Eq. (22) gives

𝛿Λ = − ¤Λ\̂ = 𝑄\̂ , (23)

where we used Eq. (13). This shows that 𝛿Λ is directly related to the velocity potential of vacuum energy.
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A. Perturbation equations

We split the scalar quantity 𝑄 into the background and perturbed parts, as 𝑄 = �̄� + 𝛿𝑄. In the following, we omit a bar from
the background quantities. Then, the linear perturbation equations following from Eqs. (10) and (11) are given, respectively, by
[19]

¤𝛿Λ = −𝛿𝑄 −𝑄𝐴 , (24)

¤𝛿𝜌𝑐 + 3𝐻𝛿𝜌𝑐 − 3𝜌𝑐 ¤𝜓 + 𝜌𝑐
∇2
𝑎2

(
\ + 𝑎2 ¤𝐸 − 𝑎𝐵

)
= 𝛿𝑄 +𝑄𝐴 , (25)

where ∇2 is the three-dimensional Laplacian. The perturbation of spatial components of 𝑄` in Eq. (6) is expressed as

𝛿𝑄𝑖 = 𝑄𝑢𝑖 + 𝛿𝑞𝑖 = 𝜕𝑖
(
𝑎−1𝑄𝑣 + 𝑎−2 𝑓

)
, (26)

where a scalar function 𝑓 is related to the perturbation of 𝑞𝑖 in the form

𝛿𝑞𝑖 = 𝜕𝑖 𝑓 . (27)

The ` = 𝑖 components of Eqs. (3) and (5) give the Euler equations

𝛿Λ = 𝑓 +𝑄\ , (28)
𝜌𝑐 ¤\ + 𝜌𝑐𝐴 = 𝑓 . (29)

Equation (29) means that the CDM feels the force 𝑓 through the interaction with vacuum energy. From Eqs. (23) and (28), we
obtain

𝑓 = 𝑄
(
\̂ − \

)
, (30)

which does not vanish for \̂ ≠ \. If there is the difference between the four velocities of CDM and vacuum energy, there is the
momentum transfer which affects the evolution of CDM velocity potential.
We define the CDM density contrast, as

𝛿𝑐 ≡ 𝛿𝜌𝑐

𝜌𝑐
. (31)

From Eqs. (24)-(25) and (28)-(29), the two variables 𝛿𝑐 and \ satisfy the first-order differential equations

¤𝛿𝑐 − 3 ¤𝜓 + ∇2
𝑎2

(\ + 𝑎𝜎) = −
¤𝛿Λ − ¤Λ𝛿𝑐

𝜌𝑐
, (32)

¤\ + 𝐴 =
𝛿Λ + ¤Λ\

𝜌𝑐
, (33)

where

𝜎 ≡ 𝑎 ¤𝐸 − 𝐵 . (34)

The linearly perturbed Einstein equations are given by 𝛿𝐺`a = 8𝜋𝐺 (𝛿𝑇 `a
𝑚 +𝛿𝑇 `a

Λ
), whose (00), (0𝑖), and (𝑖 𝑗) (𝑖 ≠ 𝑗) components

lead to

3𝐻
( ¤𝜓 + 𝐻𝐴

)
− ∇2

𝑎2
(𝜓 + 𝑎𝐻𝜎) = − 4𝜋𝐺 (𝜌𝑐𝛿𝑐 + 𝛿Λ) , (35)

¤𝜓 + 𝐻𝐴 = − 4𝜋𝐺𝜌𝑐\ , (36)
𝑎 ( ¤𝜎 + 2𝐻𝜎) − 𝐴 + 𝜓 = 0 . (37)

Thus, we derived the full set of linear perturbation equations (32)-(33) and (35)-(37) without choosing particular gauges. The
vacuum fluctuation 𝛿Λ, which is related to its four velocity \̂ as Eq. (23), can be determined by specifying a model of interacting
vacuum energy [19]. If \̂ = \, i.e., 𝛿Λ = − ¤Λ\, the right hand-side of Eq. (33) vanishes, with − ¤𝛿Λ = ¥Λ\ + ¤Λ ¤\ on the right
hand-side of Eq. (32). In this case, there is no momentum transfer (𝛿𝑞𝑖 = 0) between CDM and vacuum energy. This is an
example where the perturbation equations of motion are closed.
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We introduce the following gauge-invariant gravitational potentials [87],

Ψ = 𝐴 − d
d𝑡

(𝑎𝜎) , Φ = 𝜓 + 𝑎𝐻𝜎 . (38)

Then, from Eq. (37), we obtain

Ψ = Φ , (39)

which shows the absence of an anisotropic stress.
Although we have not chosen particular gauges so far, there are residual gauge degrees of freedom to be fixed. In the following,

we will consider two different gauge choices.

B. Newtonian gauge

Let us first choose the Newtonian gauge satisfying

𝐵 = 0 , 𝐸 = 0 , (40)

under which 𝜎 = 0. In this case, the gravitational potentials (38) are given by

Ψ = 𝐴 , Φ = 𝜓 . (41)

On using the relation (39), Eqs. (32), (33), (35), and (36) reduce, respectively, to

¤𝛿𝑐 − 3 ¤Φ + ∇2
𝑎2

\ = −
¤𝛿Λ − ¤Λ𝛿𝑐

𝜌𝑐
, (42)

¤\ +Φ =
𝛿Λ + ¤Λ\

𝜌𝑐
, (43)

3𝐻
( ¤Φ + 𝐻Φ

)
− ∇2

𝑎2
Φ = −4𝜋𝐺 (𝜌𝑐𝛿𝑐 + 𝛿Λ) , (44)

¤Φ + 𝐻Φ = −4𝜋𝐺𝜌𝑐\ . (45)

For a given physical model relating 𝛿Λ with other perturbations, these equations can be solved for 𝛿𝑐 , \, Φ, and 𝛿Λ.

C. Synchronous gauge

The synchronous gauge is characterized by the conditions

𝐴 = 0 , 𝐵 = 0 , (46)

under which 𝜎 = 𝑎 ¤𝐸 . The gravitational potentials reduce to

Ψ = − d
d𝑡

(
𝑎2 ¤𝐸

)
, Φ = 𝜓 + 𝑎2𝐻 ¤𝐸 . (47)

We introduce the following combination

ℎ ≡ 2∇2𝐸 − 6𝜓 . (48)

Then, Eqs. (32), (33), (35), and (36) yield

¤𝛿𝑐 +
1
2
¤ℎ + ∇2

𝑎2
\ = −

¤𝛿Λ − ¤Λ𝛿𝑐
𝜌𝑐

, (49)

¤\ =
𝛿Λ + ¤Λ\

𝜌𝑐
, (50)

∇2
𝑎2

𝜓 + 1
2
𝐻 ¤ℎ = 4𝜋𝐺 (𝜌𝑐𝛿𝑐 + 𝛿Λ) , (51)

¤𝜓 = −4𝜋𝐺𝜌𝑐\ . (52)
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Equation (37), which is equivalent to Eq. (39), gives the differential equation for 𝐸 , as

𝑎2
( ¥𝐸 + 3𝐻 ¤𝐸

)
+ 𝜓 = 0 . (53)

Exerting the operator ∇2 on Eq. (53) and using Eqs. (48), (51), and (52), the perturbation ℎ obeys
¥ℎ + 2𝐻 ¤ℎ + 8𝜋𝐺

(
𝜌𝑐𝛿𝑐 − 3𝜌𝑐 ¤\ + 𝛿Λ + 3 ¤Λ\

)
= 0 . (54)

For a given relation of 𝛿Λ with other perturbations, we can integrate Eqs. (49), (50), (52), (53), and (54) to solve for 𝛿𝑐 , \, 𝜓, 𝐸 ,
and ℎ.

V. CONCRETE INTERACTING MODEL

Let us consider a concrete interacting model of vacuum energy and dark matter. For perturbations, this amounts to giving an
explicit relation between 𝛿Λ and other perturbations. We study the case in which there is no momentum transfer in Eq. (6), i.e.,

𝑞` = 0 , (55)

under which the interaction is restricted to be 𝑄` = 𝑄𝑢`. In this case we have 𝛿𝑞𝑖 = 𝜕𝑖 𝑓 = 0, so the force 𝑓 = 𝑄(\̂ − \) exerting
on the CDM perturbation vanishes, i.e., \̂ = \. Then, from Eq. (23), the perturbation 𝛿Λ is related to \, as

𝛿Λ = − ¤Λ\ = 𝑄\ . (56)

Under this condition the right hand side of the Euler Eq. (33) is zero, while this is not the case for the terms on the right hand
side of the continuity Eq. (32).
Let us derive the perturbation equation of motion for 𝛿𝑐 in the synchronous gauge. From Eq. (50), we obtain ¤\ = 0, i.e.,

\ = \ (𝑥𝑖) , (57)

which means that \ does not depend on time. In Fourier space with the comoving wavenumber 𝑘 , we can write Eq. (49) in the
form

¤𝛿𝑐 +
1
2
¤ℎ − 𝑘2

𝑎2
\ = −

¤𝑄\ +𝑄𝛿𝑐

𝜌𝑐
, (58)

where we used Eq. (56). We take the time derivative of Eq. (58) and eliminate the term 2𝐻 (𝑘2/𝑎2)\ on account of Eq. (58). On
using Eq. (54), the CDM density contrast obeys

¥𝛿𝑐 +
(
2𝐻 + 𝑄

𝜌𝑐

)
¤𝛿𝑐 −

[
4𝜋𝐺𝜌𝑐 +

𝑄2 − ( ¤𝑄 + 5𝐻𝑄)𝜌𝑐
𝜌2𝑐

]
𝛿𝑐 +

[
8𝜋𝐺𝑄 + ( ¥𝑄 + 5𝐻 ¤𝑄)𝜌𝑐 − ¤𝑄𝑄

𝜌2𝑐

]
\ = 0 . (59)

From Eq. (58), the term (𝑘2/𝑎2)\ is at most of the order ¤𝛿𝑐 . 𝐻𝛿𝑐 , and hence \ . 𝑎2𝐻𝛿𝑐/𝑘2. Moreover, from Eq. (14), the
coupling 𝑄 should be of order 𝑄 . 3𝐻𝜌𝑐 . Then, the ratio between the terms 8𝜋𝐺𝑄\ and 4𝜋𝐺𝜌𝑐𝛿𝑐 can be estimated as

𝑟 ≡ 8𝜋𝐺𝑄\

4𝜋𝐺𝜌𝑐𝛿𝑐
.

(
𝑎𝐻

𝑘

)2
. (60)

For perturbations deep inside the Hubble radius (𝑘 � 𝑎𝐻), it follows that 𝑟 � 1. Similarly, the other terms appearing as
coefficients of \ in Eq. (59) are suppressed relative to the terms proportional to 𝛿𝑐 . Then, for the modes 𝑘 � 𝑎𝐻, Eq. (59) is
approximately given by

¥𝛿𝑐 +
(
2𝐻 + 𝑄

𝜌𝑐

)
¤𝛿𝑐 −

[
4𝜋𝐺𝜌𝑐 +

𝑄2 − ( ¤𝑄 + 5𝐻𝑄)𝜌𝑐
𝜌2𝑐

]
𝛿𝑐 ' 0 . (61)

Actually, in view of the time independence of \ in the synchronous gauge, we can always set it zero, which turns Eq. (61) an
exact result. Note, however, that the sub-horizon approximation is necessary to obtain the same equation in the Newtonian gauge.
Although we have chosen the synchronous gauge, the analysis in the Newtonian gauge gives rise to the same equation as (61) for
the modes deep inside the Hubble radius. Introducing the variables

Γ𝑐 ≡ 𝑄

𝜌𝑐
, [ ≡

∫
𝑎−1 d𝑡 , (62)

we can rewrite Eq. (61) in the form

𝛿′′𝑐 + 𝑎(𝐻 + Γ𝑐)𝛿′𝑐 −
[
4𝜋𝐺𝑎2𝜌𝑐 − (𝑎Γ𝑐) ′ − 𝑎2Γ𝑐𝐻

]
𝛿𝑐 ' 0 , (63)

where a prime represents the derivative with respect to [. The coupling Γ𝑐 modifies the growth rate of 𝛿𝑐 in comparison to the
uncoupled case.
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A. Inclusion of baryons

So far, we have ignored the perturbation of baryons, but we would like to take it into account for the J-PAS forecast. We
assume that baryons are coupled to neither vacuum energy nor dark matter. Then, the background baryon density 𝜌𝑏 obeys the
continuity equation

¤𝜌𝑏 + 3𝐻𝜌𝑏 = 0 , (64)

with a vanishing pressure (𝑝𝑏 = 0).
Let us consider the synchronous gauge with the additional baryon density contrast 𝛿𝑏 and velocity field \𝑏 . Then, the resulting

continuity and Euler equations are given, respectively, by

¤𝛿𝑏 + 1
2
¤ℎ + ∇2

𝑎2
\𝑏 = 0 , (65)

¤\𝑏 = 0 , (66)

besides the perturbation Eqs. (49) and (50) for CDM. The perturbed Einstein Eqs. (51) and (52) are modified to

∇2
𝑎2

𝜓 + 1
2
𝐻 ¤ℎ = 4𝜋𝐺 (𝜌𝑚𝛿𝑚 + 𝛿Λ) , (67)

¤𝜓 = −4𝜋𝐺 (𝜌𝑐\ + 𝜌𝑏\𝑏) , (68)

where

𝜌𝑚𝛿𝑚 ≡ 𝜌𝑐𝛿𝑐 + 𝜌𝑏𝛿𝑏 , 𝜌𝑚 ≡ 𝜌𝑐 + 𝜌𝑏 , (69)

while Eq. (53) is unchanged. Following the same procedure as that explained in Sec. IVC and using Eq. (66), the perturbation
ℎ, which is defined in Eq. (48), obeys

¥ℎ + 2𝐻 ¤ℎ + 8𝜋𝐺
(
𝜌𝑚𝛿𝑚 − 3𝜌𝑐 ¤\ + 𝛿Λ + 3 ¤Λ\

)
= 0 . (70)

Now, we focus on the case in which there is no momentum exchange between vacuum energy and dark matter. Since the
condition (57) holds, we have ¤\ = 0 in Eq. (70). For perturbations deep inside the Hubble radius, the terms 𝛿Λ = 𝑄\ and
3 ¤Λ\ = −3𝑄\ in Eq. (70) are neglected relative to 𝜌𝑐𝛿𝑐 , see Eq. (60). Then, Eq. (70) approximately reduces to

¥ℎ + 2𝐻 ¤ℎ + 8𝜋𝐺𝜌𝑚𝛿𝑚 ' 0 . (71)

Differentiating Eqs. (49) and (65) with respect to 𝑡 and taking the similar procedure to that explained in Sec. IVC, the CDM and
baryon density contrasts in Fourier space obey the following differential equations

¥𝛿𝑐 +
(
2𝐻 + 𝑄

𝜌𝑐

)
¤𝛿𝑐 − 4𝜋𝐺𝜌𝑚𝛿𝑚 − 𝑄2 − ( ¤𝑄 + 5𝐻𝑄)𝜌𝑐

𝜌2𝑐
𝛿𝑐 ' 0 , (72)

¥𝛿𝑏 + 2𝐻 ¤𝛿𝑏 − 4𝜋𝐺𝜌𝑚𝛿𝑚 ' 0 , (73)

which are valid for the modes 𝑘 � 𝑎𝐻. By using the variables Γ𝑐 and [ defined in Eq. (62), these equations can be expressed as

𝛿′′𝑐 + 𝑎(𝐻 + Γ𝑐)𝛿′𝑐 − 4𝜋𝐺𝑎2𝜌𝑚𝛿𝑚 +
[
(𝑎Γ𝑐) ′ + 𝑎2Γ𝑐𝐻

]
𝛿𝑐 ' 0 , (74)

𝛿′′𝑏 + 𝑎𝐻𝛿′𝑏 − 4𝜋𝐺𝑎2𝜌𝑚𝛿𝑚 ' 0 . (75)

Since |𝜌𝑐𝛿𝑐 | � |𝜌𝑏𝛿𝑏 |, the baryon density contrast grows under the influence of gravitational potentials sourced mostly by the
CDM density perturbation. There is no scale-dependence in Eqs. (74) and (75) governing the evolution of perturbations on
sub-horizon scales, whose property is attributed to the absence of pressures for CDM and baryons. In our interacting theory, the
dark energy pressure does not affect the sound speeds of CDM and baryons either.
We can also derive the perturbation equations of motion for the total density matter contrast 𝛿𝑚 defined in Eq. (69). On using

the approximation similar to Eq. (60) for the modes deep inside the Hubble radius, we obtain

¥𝛿𝑚 +
(
2𝐻 + 𝑄

𝜌𝑚

)
¤𝛿𝑚 −

[
4𝜋𝐺𝜌𝑚 + 𝑄2 − ( ¤𝑄 + 5𝐻𝑄)𝜌𝑚

𝜌2𝑚

]
𝛿𝑚 ' 𝑄

𝑘2

𝑎2
𝜌𝑏

𝜌2𝑚
(\ − \𝑏) . (76)
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In terms of the conformal time [, this can be expressed as

𝛿′′𝑚 + 𝑎 (𝐻 + Γ) 𝛿′𝑚 −
[
4𝜋𝐺𝑎2𝜌𝑚 − (𝑎Γ) ′ − 𝑎2Γ𝐻

]
𝛿𝑚 ' 𝑄𝑘2

𝜌𝑏

𝜌2𝑚
(\ − \𝑏) , (77)

where

Γ ≡ 𝑄

𝜌𝑚
. (78)

The right hand side of Eq. (77) does not vanish for \ ≠ \𝑏 . This means that the momentum exchange between CDM and baryons
can affect the dynamics of 𝛿𝑚. Since both \ and \𝑏 are constants in time, this term vanishes for the initial condition \ = \𝑏 . In
this case, Eq (77) reduces to the second-order differential equation of 𝛿𝑚.

B. Background

Let us consider a possible choice of the interacting function 𝑄 to study the background cosmological evolution. We take into
account the baryons whose background density 𝜌𝑏 obeys the continuity Eq. (64). The densities of vacuum energy and CDM
satisfy Eqs. (13) and (14). In the presence of baryons, Eqs. (16) and (17) are modified to

3𝐻2 = 8𝜋𝐺 (𝜌𝑚 + Λ) , (79)
¤𝐻 = −4𝜋𝐺𝜌𝑚 , (80)

where 𝜌𝑚 = 𝜌𝑐 + 𝜌𝑏 . For the interacting vacuum energy, we choose a function of the form [88]

Λ =
𝜎𝐻−2𝛼

8𝜋𝐺
, (81)

where 𝜎 (> 0) and 𝛼 (> −1) are constants. From Eq. (79), there is the relation

𝜎 = 3 (1 −Ω𝑚) 𝐻2(𝛼+1)0 , (82)

where Ω𝑚 = 8𝜋𝐺𝜌𝑚0/(3𝐻20) is today’s density parameter of total non-relativistic matter (the subscript “0” represents today’s
values). On using Eqs. (79), (80), and (81), the Hubble parameter obeys the differential equation

d𝐻
d𝑧

=
3𝐻

2(1 + 𝑧)

[
1 − (1 −Ω𝑚)

(
𝐻

𝐻0

)−2(𝛼+1) ]
, (83)

where 𝑧 = 1/𝑎 − 1 is the redshift, and we used the relation d𝑧/d𝑡 = −(1 + 𝑧)𝐻. Integrating Eq. (83) with respect to 𝑧, we obtain

𝐻 (𝑧) = 𝐻0

[
1 −Ω𝑚 +Ω𝑚 (1 + 𝑧)3(𝛼+1)

]1/[2(𝛼+1) ]
, (84)

which satisfies 𝐻 = 𝐻0 at 𝑧 = 0. The decay rate (78) is given by

Γ = −
¤Λ
𝜌𝑚

=
𝛼𝜎𝐻−2𝛼−1

4𝜋𝐺
¤𝐻

𝜌𝑚
= −𝛼𝜎𝐻−2𝛼−1 . (85)

The non-interacting cosmological constant corresponds to 𝛼 = 0, in which case Γ = 0. For 𝛼 < 0, the creation of CDM
occurs through the positive coupling Γ. In particular, Γ is constant for 𝛼 = −1/2. From (84) we observe that the ansatz (81)
corresponds to a decomposed, non-adiabatic generalised Chaplygin gas [89–96], which behaves like conserved matter at high
redshifts and approaches a cosmological constant in the asymptotic future. The late-time non-adiabaticity prevents oscillations
and instabilities in the power spectrum, contrary to what happens in adiabatic versions of the generalised Chaplygin gas [97–105].
This parametrization does not encompass all possible forms of interactions, but it can be used to search for signatures of the
interacting vacuum energy in current and future observations.
The baryon density has the following redshift dependence,

𝜌𝑏 (𝑧) =
3𝐻20
8𝜋𝐺

Ω𝑏 (1 + 𝑧)3 , (86)
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Figure 1. Evolution of 𝑓𝑏 , 𝑓𝑐 , and 𝑓𝑚 versus the scale factor 𝑎 for 𝛼 = 0.1 (left) and 𝛼 = −0.1 (right), respectively. We also plot the evolution of
𝑓𝑏 (= 𝑓𝑐 = 𝑓𝑚) in the ΛCDM model as a dashed curve. Today’s values of the density parameters are chosen to be Ω𝑏 = 0.05 and Ω𝑚 = 0.32.

where Ω𝑏 = 8𝜋𝐺𝜌𝑏0/(3𝐻20). On using Eqs. (80), (84), and Eq. (86), the CDM density 𝜌𝑐 = 𝜌𝑚 − 𝜌𝑏 is given by the form

𝜌𝑐 (𝑧) =
3𝐻20
8𝜋𝐺

(1 + 𝑧)3
[
(1 + 𝑧)3𝛼 Ω𝑚

{
1 −Ω𝑚 +Ω𝑚 (1 + 𝑧)3(𝛼+1)

}−𝛼/(𝛼+1)
−Ω𝑏

]
. (87)

At high redshifts (𝑧 � 1), it follows that

𝜌𝑐 (𝑧) '
3𝐻20
8𝜋𝐺

(1 + 𝑧)3
[
Ω
1/(𝛼+1)
𝑚 −Ω𝑏

]
. (88)

To avoid a negative CDM density, we require that 𝜌𝑐 (𝑧) > 0. This condition translates to

𝛼 > 𝛼𝑐 ≡ −1 + lnΩ𝑚

lnΩ𝑏

. (89)

When Ω𝑚 = 0.32 and Ω𝑏 = 0.05, for example, we have 𝛼𝑐 = −0.62. At low redshifts around 𝑧 = 0, the expansion of Eq. (87)
shows that, as long asΩ𝑚 > Ω𝑏 , the leading-order term of 𝜌𝑐 (𝑧) is positive. For theoretical consistency, 𝛼 should be in the range
(89).

C. Growth rate of perturbations

We define the functions describing the growth rates of CDM, baryons, and total matter, as

𝑓𝑖 (𝑎) ≡
d ln 𝛿𝑖 (𝑎)
d ln 𝑎

=
¤𝛿𝑖

𝐻𝛿𝑖
, (90)

where 𝑖 = 𝑏, 𝑐, 𝑚, respectively. For sub-horizon perturbations, these functions are known by integrating Eqs. (74) and (75)
together with the relation (69). In Fig. 1, we plot the evolution of 𝑓𝑏 , 𝑓𝑐 , and 𝑓𝑚 for 𝛼 = 0.1 (left) and 𝛼 = −0.1 (right). We
choose the initial conditions of density contrasts same as those in the ΛCDM model (𝛼 = 0), i.e., 𝑓𝑏 = 1 and 𝑓𝑐 = 1 at 𝑎 = 0.05.
For the purpose of showing the evolution of 𝑓𝑖 , it is sufficient to choose an arbitrary amplitude satisfying 𝛿𝑏 = 𝛿𝑐 .
In Fig. 1, the evolution of growth rates in the ΛCDM model is also shown, in which case 𝑓𝑏 = 𝑓𝑐 = 𝑓𝑚 due to the absence

of interactions and the choice of same initial conditions for 𝛿𝑏 and 𝛿𝑐 . At late times the interacting vacuum energy model with
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𝛼 > 0 leads to the value of 𝑓𝑐 larger than in the 𝛼 = 0 case, while for 𝛼 < 0, 𝑓𝑐 is subject to suppression. This behavior can be
understood by expressing Eq. (74) in the form

𝛿′′𝑐 + 𝑎(𝐻 + Γ𝑐)𝛿′𝑐 − 4𝜋𝑎2 (𝐺𝑐𝜌𝑐𝛿𝑐 + 𝐺𝜌𝑏𝛿𝑏) ' 0 , (91)

where 𝐺𝑐 is the effective gravitational coupling for 𝛿𝑐 defined by

𝐺𝑐 ≡ 𝐺 −
¤Γ𝑐 + 2𝐻Γ𝑐

4𝜋𝜌𝑐
. (92)

Assuming that |𝛼 | � 1 and expanding 𝐺𝑐 around 𝛼 = 0, we obtain

𝐺𝑐 = 𝐺

[
1 + 𝛼(1 −Ω𝑚)

Ω̃𝑚 (3Ω̃𝑚 + 4)
Ω̃2𝑐

𝐻20
𝐻2

+ O(𝛼2)
]
, (93)

where Ω̃𝑚 = 8𝜋𝐺𝜌𝑚/(3𝐻2) and Ω̃𝑐 = 8𝜋𝐺𝜌𝑐/(3𝐻2). For 𝛼 > 0, we have 𝐺𝑐 > 𝐺 and hence the growth of 𝛿𝑐 is enhanced in
comparison to the ΛCDM model. For Ω𝑚 = 0.32 and Ω𝑐 = 0.27, today’s value of 𝐺𝑐 is given by 𝐺𝑐 ' 𝐺 (1 + 14.8𝛼). This
means that, even for |𝛼 | = O(0.1), 𝐺𝑐 is significantly modified relative to the 𝛼 = 0 case. For 𝛼 > 0, the term 𝑎Γ𝑐 in front of
𝛿′𝑐 in Eq. (91) is negative, so this also works to enhance the growth rate of 𝛿𝑐 . The enhancement of 𝛿𝑐 also leads to the larger
baryon growth rate 𝑓𝑏 through Eq. (75) in comparison to the 𝛼 = 0 case. As we see in the left panel of Fig. 1, 𝑓𝑐 is larger than
𝑓𝑏 (see Ref. [106] for a related work). The evolution of total matter growth function is similar to that of CDM, but 𝑓𝑚 is slightly
smaller than 𝑓𝑐 due to the presence of baryons.
For 𝛼 < 0, the growth of CDM density contrast is suppressed in comparison to the 𝛼 = 0 case. As we observe in the right

panel of Fig. 1, the suppression of 𝑓𝑐 also gives rise to the values of 𝑓𝑏 and 𝑓𝑚 smaller than those in the ΛCDM model. Thus,
the large or small cosmic growth rates can be realized in the interacting vacuum energy scenario, depending on the sign of 𝛼.
This allows us to probe the signature of interactions observationally.
In RSD measurements, the matter velocity potential is used to quantify the galaxy distortion in redshift space. In Eq. (58) the

term − ¤𝑄\/𝜌𝑐 is neglected relative to the other terms for sub-horizon perturbations, so using the CDM growth rate 𝑓𝑐 leads to

𝐻 ( 𝑓𝑐 + 𝑔𝑐) 𝛿𝑐 =
𝑘2

𝑎2
\ − 1
2
¤ℎ , (94)

where 𝑔𝑐 ≡ 𝑄/(𝐻𝜌𝑐). This means that the CDM growth rate associated with the velocity potential \ corresponds to [107, 108]

𝑓𝑐,RSD = 𝑓𝑐 + 𝑔𝑐 . (95)

Hence there is the additional contribution to 𝑓𝑐 from the coupling 𝑄. From Eq. (65), the growth rate of baryon density contrast
relevant to RSD measurements is simply given by 𝑓𝑏 . As our tracers are luminous baryonic matter, we mostly use 𝛿𝑏 in our
forecast analysis. However, the late-time enhancement or suppression in 𝛿𝑚 can lead to tight observational constraints on the
interaction between vacuum energy and CDM, so we will also discuss the case of total matter density contrast.

VI. MATTER POWER SPECTRUM

To confront the interacting vacuum energy model with the observations of luminous galaxies, we define the matter power
spectrum in Fourier space at a redshift 𝑧, as

P𝐿 (𝑘, 𝑧) = P𝐿,0 (𝑘)
(
𝛿𝑏,𝑚 (𝑎)
𝛿𝑏,𝑚 (1)

)2
, (96)

where we exploited the fact that Eq. (75) does not contain the 𝑘 dependence, and the suffices 𝑏 and 𝑚 refer to the baryonic and
total matter scenarios which we consider separately in this work. The scale-dependent part P𝐿,0 (𝑘) is today’s matter power
spectrum, which is given by

P𝐿,0 (𝑘) = P0𝑘𝑛𝑠T 2 (𝑘) , (97)

where the scaling constant P0 is found using the usual normalization of 𝜎8, i.e.,

𝜎28,0 =
1
2𝜋2

∫ ∞

0
𝑘2𝑊2 (𝑘, 𝑅)P𝐿,0 (𝑘) d𝑘 , (98)
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with the window function

𝑊 (𝑘, 𝑅) = 3
𝑘3 𝑅3

[sin(𝑘𝑅) − 𝑘𝑅 cos(𝑘𝑅)] , (99)

at the comoving scale 𝑅 = 8 ℎ−1 Mpc. In Eq. (97), the scale dependence is present in the spectral index 𝑛𝑠 of primordial scalar
perturbations and the transfer function T . The latter accommodates the evolution of gravitational potentials from the radiation
dominance to the matter era.
The galaxy linear power spectrum is defined as1

P𝑔 (𝑘, 𝑧, `) =
[
𝑏𝑠 (𝑧) + 𝑓𝑠 (𝑧)`2

]2 P𝐿,0 (𝑘)
𝜎28,0

exp
[
−𝑘2`2Σ2𝑧 (𝑧)

]
, (100)

where 𝑏𝑠 (𝑧) = 𝑏𝑔 (𝑧)𝜎8 (𝑧) and 𝑓𝑠 (𝑧) = 𝑓𝑏 (𝑧)𝜎8 (𝑧), with 𝑏𝑔 and 𝑓𝑏 being the galaxy bias and the baryonic growth rate,
respectively. The cosine of the angle of unit wavevector k with respect to the line-of-sight direction is written as ` = k · r/𝑟 .
In Eq. (100), we have inserted the damping factor exp

[
−𝑘2`2Σ2𝑧 (𝑧)

]
to account for redshift uncertainties 𝜎𝑧 (𝑧), weighed by

Σ𝑧 (𝑧) = 𝜎𝑧 (𝑧)/𝐻 (𝑧). Finally, the observed matter power spectrum can be written as

Pobs (𝑘, 𝑧, `) = P𝑔 (𝑘, 𝑧, `) + Pshot (𝑧) , (101)

where the shot noise is defined by Pshot (𝑧) = 1/𝑛(𝑧), with 𝑛 being the comoving galaxy density per redshift bin.
For the damping of non-linear evolution of the matter power spectrum, we follow the approach given in Refs. [109–111].

On scales larger than 100 ℎ−1 Mpc, i.e., 𝑘 . 0.06 ℎ Mpc−1, which is our range of interest, the non-linear evolution leads to a
damping/suppression of all linear theory information, as shown in the left panel of Fig. 1 of Ref. [112] and discussed extensively
in Refs. [109–114]. Such damping can be modelled by the non-linear power spectrum [109–111, 114]

PNL (𝑘, 𝑧, `) = Pobs (𝑘, 𝑧, `) exp
[
− 𝑘2

2
(1 − `2)Σ2⊥ (𝑧) −

𝑘2

2
`2Σ2| | (𝑧)

]
, (102)

where the damping factors are needed to take into account the smearing due to non-linear structure formation along (Σ | |) and
across (Σ⊥) the line of sight [109, 110]. The damping factors are given by

Σ⊥ (𝑧) = 0.785Σ0
𝛿𝑏,𝑚 (𝑧)
𝛿𝑏,𝑚 (0)

, (103)

Σ | | (𝑧) = [1 + 𝑓𝑏 (𝑧)] Σ⊥ (𝑧) , (104)

where Σ0 = 11ℎ−1Mpc. One should point out that the numerical factors which appear in the previous expressions are technically
model dependent, i.e. for the interacting vacuum energy models they might be different from the case of a standard ΛCDM.
Although, it is generally assumed in the literature that their impact on the final Fisher analysis is mild, for they do not enter in
the derivatives of the power spectrum with respect to the model parameters, thus effectively resulting in a sort of marginalization
procedure [110].

VII. FORECASTS

We exploit a Fisher Matrix to compute errors in the J-PAS forecast. In the case of a single tracer, a generic Fisher Matrix
element, 𝐹𝑖 𝑗 , can be calculated as [115]

𝐹𝑖 𝑗 (𝑧) =
1
4𝜋2

∫ 1

−1
d`′

∫ 𝑘max

𝑘min

d𝑘 ′𝑘 ′2
𝑉eff (𝑘 ′, 𝑧, `′)

2
d lnPobs (𝑘 ′, 𝑧, `′)

d𝑝𝑖
d lnPobs (𝑘 ′, 𝑧, `′)

d𝑝 𝑗

(105)

× exp
[
−𝑘 ′2 (1 − `′2)Σ2⊥ (𝑧) − 𝑘 ′2`′2Σ2| | (𝑧)

]
,

where 𝑘min = 0.007 ℎMpc−1 and 𝑘max → ∞ [116]. The effective volume of the survey is

𝑉eff (𝑘, 𝑧, `) = 𝑉𝑎 (𝑧)
[

𝑛(𝑧)P𝑔 (𝑘, 𝑧, `)
𝑛(𝑧)P𝑔 (𝑘, 𝑧, `) + 1

]2
, (106)

1 As we showed in Eq. (95), the CDM power spectrum can be derived by performing the concomitant substitution 𝑓𝑏 → 𝑓𝑐 + 𝑔𝑐 in Eq. (100).
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Table I. Surveys specifications. Column 1: name of the survey; column 2: redshift range; column 3:
redshift bin width; column 4: survey area in sq. deg.; column 5: redshift error; column 6: galaxy
bias functions a.

(𝑧min, 𝑧max) Δ𝑧 𝐴survey 𝜎𝑧 𝑏𝑔

(sq. deg.)

DESI-BCG (0.05, 0.6)

0.2
14000 0.0005 (1 + 𝑧)

1.34 𝛿𝑚,𝑏 (0)
𝛿𝑚,𝑏 (𝑧)

DESI-LRG (0.6, 1.2) 1.7 𝛿𝑚,𝑏 (0)
𝛿𝑚,𝑏 (𝑧)

DESI-ELG (0.6, 1.8) 0.84 𝛿𝑚,𝑏 (0)
𝛿𝑚,𝑏 (𝑧)

DESI-QSO (0.6, 1.8) 0.001 (1 + 𝑧) 0.53 + 0.289(1 + 𝑧)2

Euclid (0.9, 1.8) 0.2 15000 0.001 (1 + 𝑧) Table 3 in [117]

J-PAS-LRG (0.2, 1.2)
0.2 4000 - 8500 0.003 (1 + 𝑧)

1.7 𝛿𝑚,𝑏 (0)
𝛿𝑚,𝑏 (𝑧)

J-PAS-ELG (0.2, 1.4) 0.84 𝛿𝑚,𝑏 (0)
𝛿𝑚,𝑏 (𝑧)

J-PAS-QSO (0.2, 4) 0.53 + 0.289(1 + 𝑧)2

a Note that the provided galaxy bias functions should be considered model dependent, thus for our interacting
vacuum energy model they might be different. But the impact on the final Fisher analysis is smeared out by
performing a marginalization over these functions, as described in the following pages.

where

𝑉𝑎 (𝑧) =
4𝜋 𝑓sky
3

[
𝜒(𝑧𝑎)3 − 𝜒(𝑧𝑎−1)3

]
(107)

is the volume span by the survey in each redshift bin, and

𝜒(𝑧) =
∫ 𝑧

0

d𝑧′

𝐻 (𝑧′) (108)

is the comoving distance with 𝑧𝑎 being the upper limit of 𝑎-th redshift bin.
Since the surveys considered in our analysis will have more than one tracer with different biases used to probe the same patch

of the sky at the same redshift range, we also take into account the cross correlation and define a generalized Fisher Matrix as
[118, 119]

𝐹𝑖 𝑗 (𝑧) =
𝑁∑︁

𝑋,𝑌=1

1
4𝜋2

∫ 1

−1
d`′

∫ 𝑘max

𝑘min

d𝑘 ′𝑘 ′2𝑉𝑎 (𝑧)
d ln 𝑃𝑋,obs (𝑘 ′, 𝑧, `′)

d𝑝𝑖
𝐹𝑋𝑌

d ln 𝑃𝑌 ,obs (𝑘 ′, 𝑧, `′)
d𝑝 𝑗

(109)

× exp
[
−𝑘 ′2 (1 − `′2)Σ2⊥ (𝑧) − 𝑘 ′2`′2Σ2| | (𝑧)

]
,

where the indices (𝑋,𝑌 ) run over the galactic tracers, i.e., LRG, ELG, and QSO, and 𝑁 = 2 or 3 depending on the tracer (see
Table I for survey specifications). Also, the dimensionless effective power 𝑃𝑋,obs is defined as

𝑃𝑋,obs = 𝑛𝑋P𝑋,obs , (110)

where 𝑛𝑋 is the comoving galaxy density per redshift bin per galaxy population and the Fisher information density 𝐹𝑋𝑌 is written
as

𝐹𝑋𝑌 =
1
4

[
𝛿𝑋𝑌

𝑃𝑋,obs𝑃obs

1 + 𝑃obs
+
𝑃𝑋,obs𝑃𝑌 ,obs (1 − 𝑃obs)

(1 + 𝑃obs)2

]
(111)

with 𝑃obs =
∑

𝑋 𝑃𝑋,obs. Clearly, for the single-tracer case, Eq. (109) reduces to Eq. (105).
Adopting the nomenclature of Ref. [120], we consider the following combinations in our analysis (also summarised in Table II):

• “P(𝑘)-marginalised-over-shape” Fisher Matrix, where only BAO information is taken into account (henceforth “BAO”);
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Table II. Fisher Matrix scenarios. Column 1: step in Fisher Matrix calculation; column 2: name of Fisher Matrix;
column 3: parameters of the Fisher Matrix; column 4: comments.

0 F bin
{ln𝐷𝐴, ln𝐻, 𝑓𝑠 , 𝑏𝑠 ,Pshot,Ω𝑚, ℎ, 𝑛𝑠} single tracer: 8 × 8 matrix

{ln𝐷𝐴, ln𝐻, 𝑓𝑠 , 𝑏𝑠1 , 𝑏𝑠2 ,Pshot,Ω𝑚, ℎ, 𝑛𝑠} 2 tracers: 9 × 9 matrix
{ln𝐷𝐴, ln𝐻, 𝑓𝑠 , 𝑏𝑠1 , 𝑏𝑠2 , 𝑏𝑠3 ,Pshot,Ω𝑚, ℎ, 𝑛𝑠} 3 tracers: 10 × 10 matrix

BAO

A1 F binmarg {ln𝐷𝐴, ln𝐻}
marginalization over { 𝑓𝑠 , 𝑏𝑠𝑖 ,Pshot,Ω𝑚, ℎ, 𝑛𝑠}

2 × 2 matrix

A2 F bincosmo {Ω𝑚, 𝛼}
projection of F binmarg onto cosmological parameters

2 × 2 matrix
redshift rows of Tables III - IV - V - VI

A3 F totcosmo {Ω𝑚, 𝛼}
sum of F bincosmo
2 × 2 matrix

last row of Tables III - IV - V - VI

BAO+RSD

B1 F binmarg {ln𝐷𝐴, ln𝐻, 𝑓𝑠}
marginalization over {𝑏𝑠𝑖 ,Pshot,Ω𝑚, ℎ, 𝑛𝑠}

3 × 3 matrix

B2 F bincosmo {Ω𝑚, 𝛼}
projection of F binmarg onto cosmological parameters

2 × 2 matrix
redshift rows of Tables VII - VIII - IX - X

B3 F totcosmo {Ω𝑚, 𝛼}
sum of F bincosmo
2 × 2 matrix

last row of Tables VII - VIII - IX - X

BAO+RSD+PS

C1 F binmarg {ln𝐷𝐴, ln𝐻, 𝑓𝑠 ,Ω𝑚, ℎ, 𝑛𝑠}
marginalization over {𝑏𝑠𝑖 ,Pshot}

6 × 6 matrix

C2 F bincosmo {Ω𝑚, 𝛼}
projection of F binmarg onto cosmological parameters

2 × 2 matrix
redshift rows of Tables XI - XII - XIII - XIV

C3 F totcosmo {Ω𝑚, 𝛼}
sum of F bincosmo
2 × 2 matrix

last row of Tables XI - XII - XIII - XIV

• “P(𝑘)-marginalised-over-shape” Fisher Matrix, with both BAO and RSD included (henceforth “BAO+RSD”);

• “full P(𝑘) method with growth information included” Fisher Matrix, where the power spectrum broadband “shape-
parameters” are added to BAO and RSD (henceforth “BAO+RSD+PS”).

In order to avoid numerical instabilities, we follow the procedure reported in Ref. [121] for marginalisation2.
In Table II we define: the general Fisher matrix in each redshift bin, F bin; its marginalization over the uninformative

parameters3, depending on the considered scenario, F binmarg; the projection of F binmarg onto the relevant two-dimensional parameter
space related to the interacting model (F bincosmo) in each redshift bin; and F totcosmo, the total Fisher onto these two parameters obtained

2 Note that the shot noise 𝑃shot makes the matrix ill-conditioned. After applying the check as in Eq. (14) of Ref. [121], we have effectively verified that the
corresponding eigenvalue is much smaller than those related to the other parameters, and that the corresponding row is near zero. Thus, the shot noise
component is uncorrelated with the parameters we are interested in, and we can safely ignore its contribution by cutting the corresponding rows and columns
from the starting Fisher matrix.

3 Note that the marginalization over the bias
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Figure 2. Comparison of the J-PAS estimated errors for the interaction parameter 𝛼 and the matter density parameter Ω𝑚 with the BAO+RSD
data. The red and black lines correspond to the case in which the baryonic and total matter growing functions are used in the analysis,
respectively. Thin and thick lines are the plots for J-PAS 4000 deg2 and 8500 deg2, respectively.

summing up contribution from each redshift bin. The values reported in our Tables are derived from F bincosmo and F totcosmo after
inversion, i.e., the errors on a given parameter are obtained from 𝜎𝑝𝑖 =

√︃
𝐹−1
𝑖𝑖
.

In this analysis, we generate the transfer function with the Boltzmann code CLASS [122] adapted to our perturbation equations.
Our fiducial cosmology is a flat ΛCDM model with the following parameters: Ω𝑚 = 0.31, ℎ = 0.68, 𝑛𝑠 = 0.96, and 𝜎8,0 = 0.82.
As mentioned earlier, the surveys considered in this analysis are J-PAS [79, 80], DESI [76], and Euclid [77]. The surveys
specifications used in our forecast analysis can be found in Table I and also in Refs. [117, 123]. For completeness, all the
quantities used to obtain the Fisher matrices elements are shown in the Appendix A.

VIII. RESULTS

In this section we summarize the main results of the present work. In Figs. 2-7, we plot the J-PAS forecasted errors on Ω𝑚

and 𝛼 as functions of the redshift. In Appendixes B, C, D, we present the errors at different redshifts derived from the analysis of
BAO, BAO+RSD, and BAO+RSD+PS, respectively. In Tables III-XIV, we also show the errors found when we use 𝛿𝑚 instead
of 𝛿𝑏 in Eq. (100) for the sake of completeness and comparison, together with those for DESI and Euclid.
In Figs. 2 and 3, the errors on the parameters Ω𝑚 and 𝛼 are larger when only baryonic tracers are considered in most of the

redshift range. This is attributed to the fact that 𝛿𝑚 is subject to stronger enhancement or suppression in comparison to 𝛿𝑏 (see
Fig. 1), so the analysis based on the total matter contrast gives rise to tighter bounds on the coupling 𝛼. In Fig. 4 the difference
between baryonic and total matter is particularly clear for ELGs and LRGs at low redshifts, where BAO and RSD are used with
single tracers. As we observe in Fig. 5, constraining the whole power spectrum leads to more accurate results as compared to the
case where only BAO and RSD are fitted.
In Figs. 6 and 7, we plot the estimated errors for Ω𝑚 and 𝛼 derived by using multi-tracers for both total matter and baryons.

Besides J-PAS, we also show estimations of the DESI and Euclid surveys for comparison. We see from our results that J-PAS
is competitive to DESI and Euclid for 𝑧 < 0.6, which confirms the results of a previous J-PAS forecast on non-interacting dark
energy models and modified gravity theories [123].
Finally, we show in Figs. 8 and 9 the confidence regions in the {Ω𝑚, 𝛼} plane for BAO+RSD and BAO+RSD+PS, respectively.

We see that J-PAS with 8500 deg2 is very competitive to the other two surveys considered in our analysis. At low redshifts
(𝑧 < 0.6), when the presence of dark energy and the dark sector interaction is more relevant, J-PAS provides the best constraints
on the parameters thanks to its high galaxy densities detectable in that redshift range. In the BAO+RSD+PS case, the J-PAS
predicted errors are comparable to the actual errors derived from JLA SN Ia + Planck CMB data [21]. The full tables, showing
all the results derived in our analysis, are shown in Appendices B, C and D.

IX. CONCLUSIONS

The goal of the analysis performed in this paper is to report the J-PAS forecasts for the parameter estimation in a class of
interacting vacuum energy models. The vacuum energy does not give rise to an additional dynamical degree of freedom, but the
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Figure 3. The same as Fig. 2, but with the analysis based on BAO + RSD + PS.
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Figure 4. Estimated error for Ω𝑚 and 𝛼 as a function of 𝑧 with the BAO+RSD data. The estimations are from ELGs (green), LRGs (red) and
QSOs (blue) power spectra for J-PAS survey in both 4000 deg2 (thin lines) and 8500 deg2 (thick lines) regions.

interaction between vacuum energy and CDM modifies the background cosmological dynamics through an energy exchange. At
the level of perturbations, there are in general contributions to the interacting four vector𝑄` arising from energy and momentum
transfers, which are weighed by 𝑄`` and 𝑞` respectively. We focused on the case where the momentum transfer is absent
(𝑞` = 0), under which the four velocities of vacuum energy and CDM are equivalent to each other. Then the vacuum energy
perturbation 𝛿Λ is related to the CDM four velocity potential \ as 𝛿Λ = 𝑄\, so the system of perturbation equations of motion is
closed.
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Figure 5. The same as Fig. 4, but with the analysis based on BAO + RSD + PS.

The interacting vacuum energy is chosen to be of the form (81) with 𝜎 given by (82), in which case 𝑄 = −𝛼𝜎𝐻−2𝛼−1𝜌𝑚.
Then, the Hubble parameter is analytically known as a function of the redshift, see Eq. (84). The coupling constant 𝛼 is the only
additional parameter to those appearing in the ΛCDM model (𝛼 = 0). For 𝛼 > 0, the growth rate of CDM density contrast 𝛿𝑐
is enhanced in comparison to the ΛCDM. This also leads to the larger growth rates of baryon and total matter density contrasts.
For 𝛼 < 0, the evolution of 𝛿𝑐 , 𝛿𝑏 , and 𝛿𝑚 is suppressed relative to the 𝛼 = 0 case. These properties manifest themselves in the
observations of the galaxy power spectrum including BAO and RSD.
We carried out the J-PAS forecasts for the matter density parameter Ω𝑚 and the coupling 𝛼. J-PAS will cover a region of 8500

deg2 in the northern sky. We extended the analysis for a smaller covering of 4000 deg2 with a more conservative estimation of
the impact of the data. For a 8500 deg2 covering, it has been shown that J-PAS will lead to parameter estimations comparable to
those obtained from DESI and Euclid for the same class of interacting models. In particular, for the redshift range 𝑧 < 0.6, the
error bars in J-PAS measurements can be even smaller than those provided by DESI and Euclid – see Figs. 6 and 7. In general,
the J-PAS constraints will tighten considerably the estimations of those parameters with respect to previous large-scale structure
data, with precision comparable to that we have with actual CMB data. We conclude that confirming or ruling out the ΛCDM
model by finding an interaction signature in a joint analysis of SN Ia, CMB, and large-scale structure data, with any of the three
surveys considered in our analysis or by combining them, is a real and promising possibility.
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Figure 7. The same as Fig. 6, but with the analysis based on BAO + RSD + PS.
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Appendix A: Fisher Matrices derivatives

The elements of the Fisher Matrices are better visualized if we rewrite the observed matter power spectrum considering the
mapping between the fiducial cosmology and the real unknown cosmological background:

Pobs (𝑘fid⊥ , 𝑘fid| | , 𝑧) = 𝛼2⊥𝛼 | |

[
𝑏𝑠 (𝑧) + 𝑓𝑠 (𝑧)

©«
𝑘
2,fid
| | 𝛼2| |

𝑘
2,fid
| | 𝛼2| | + 𝑘

2,fid
⊥ 𝛼2⊥

ª®¬
]2P𝐿,0 (𝑘 =

√︃
𝑘
2,fid
| | 𝛼2| | + 𝑘

2,fid
⊥ 𝛼2⊥)

𝜎28,0
exp

(
−𝑘2`2

𝜎2𝑧

𝛼2| |𝐻
2,fid

)
+ Pshot,

(A1)

where, following BAO literature, we have defined the tangential and radial BAO modes as

𝛼⊥ (𝑧) ≡
𝑟fid⊥ (𝑧)
𝑟⊥ (𝑧)

=
𝐷fid

𝐴
(𝑧)

𝐷𝐴(𝑧)
, (A2)

𝛼 | | (𝑧) ≡
𝑟fid| | (𝑧)
𝑟 | | (𝑧)

=
𝐻 (𝑧)
𝐻fid (𝑧)

, (A3)

where

𝑟 | | (𝑧) =
𝑐

𝐻 (𝑧) 𝑟𝑠 (𝑧𝑑)
, (A4)

𝑟⊥ (𝑧) =
𝐷𝐴(𝑧)
𝑟𝑠 (𝑧𝑑)

, (A5)

where we explicitly wrote the speed of light c. The angular diameter distance is related to the comoving distance defined in
Eq. (108) by 𝐷𝐴(𝑧) ≡ 𝜒/(1+ 𝑧) and 𝑟𝑠 is the sound horizon at dragging epoch, 𝑧𝑑 . Note that we are interested in errors on ln𝐷𝐴

and ln𝐻 which, by previous definitions, are given by
𝜎𝛼⊥

𝛼⊥
=

𝜎𝐷𝐴

𝐷𝐴

= 𝜎ln𝐷𝐴
, (A6)

𝜎𝛼| |

𝛼 | |
=

𝜎𝐻

𝐻
= 𝜎ln𝐻 , (A7)

and considering that the Fisher Matrices have to be evaluated at the fiducial cosmology, for which we have 𝛼⊥ = 1 and 𝛼 | | = 1.
We have also used the definitions

𝑘2 = 𝑘2| | + 𝑘2⊥, (A8)

`2 =
𝑘2| |

𝑘2
, (A9)

http://dx.doi.org/ 10.1093/mnras/stv1443
http://arxiv.org/abs/1504.02416
http://arxiv.org/abs/1504.02416
http://dx.doi.org/10.1103/PhysRevD.101.103519
http://arxiv.org/abs/1709.08933
http://dx.doi.org/10.1007/s10714-017-2322-8
http://arxiv.org/abs/1704.07825
http://dx.doi.org/10.1086/518755
http://arxiv.org/abs/astro-ph/0604361
http://dx.doi.org/10.1086/519549
http://arxiv.org/abs/astro-ph/0701079
http://dx.doi.org/ 10.1088/1475-7516/2014/05/023
http://arxiv.org/abs/1308.4164
http://dx.doi.org/10.1103/PhysRevD.77.023533
http://arxiv.org/abs/0704.2783
http://arxiv.org/abs/1004.0250
http://dx.doi.org/10.1007/s41114-017-0010-3
http://arxiv.org/abs/1606.00180
http://dx.doi.org/10.1017/CBO9780511750823
http://dx.doi.org/ 10.1103/PhysRevD.89.063538
http://arxiv.org/abs/1311.4765
http://dx.doi.org/10.1051/0004-6361/202038071
http://arxiv.org/abs/1910.09273
http://dx.doi.org/10.1093/mnras/stt465
http://arxiv.org/abs/1302.5444
http://dx.doi.org/10.1093/mnras/stw135
http://arxiv.org/abs/1510.08216
http://dx.doi.org/10.1111/j.1365-2966.2010.17335.x
http://arxiv.org/abs/1006.3517
http://arxiv.org/abs/0901.0721
http://dx.doi.org/10.1088/1475-7516/2011/07/034
http://arxiv.org/abs/1104.2933
http://dx.doi.org/10.1093/mnras/staa367
http://arxiv.org/abs/1910.02694


23

and the transformation rules

𝑘⊥ = 𝑘fid⊥ 𝛼⊥, (A10)
𝑘 | | = 𝑘fid| | 𝛼 | | . (A11)

In the following, we report the expressions of all the functions which are needed to calculate the Fisher matrices:

• Derivatives of the power spectrum, lnPobs, with respect to 𝛼⊥:

d lnPobs
d𝛼⊥

=

[
2
𝛼⊥

+ 2 𝑓𝑠
𝑏𝑠 + 𝑓𝑠`

2
d`2

d𝛼⊥
+
d lnP𝐿,0

d𝑘
d𝑘
d𝛼⊥

−
𝑘𝜎2𝑧

𝛼2| |𝐻
2,fid

(
2`2

𝜕𝑘

𝜕𝛼⊥
+ 𝑘

𝜕`2

𝜕𝛼⊥

)] P𝑔

Pobs
, (A12)

with

d`2

d𝛼⊥
= − 2

𝛼⊥
`2 (1 − `2) , (A13)

d𝑘
d𝛼⊥

=
𝑘

𝛼⊥
(1 − `2) . (A14)

• Derivatives of the power spectrum, lnPobs, with respect to 𝛼 | | , when we consider the baryonic matter linear contrast, 𝛿𝑏:

d lnPobs
d𝛼 | |

=

[
1
𝛼 | |

+ 2 𝑓𝑠
𝑏𝑠 + 𝑓𝑠`

2
d`2

d𝛼 | |
+
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d𝑘
d𝛼 | |
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𝛼2| |𝐻
2,fid
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𝜕`2

𝜕𝛼 | |
+ 2𝑘`

2

𝛼 | |

)] P𝑔

Pobs
, (A15)

and when we consider the total (dark plus baryonic) matter linear contrast, 𝛿𝑚:

d lnPobs
d𝛼 | |

=

[
1
𝛼 | |

+ 2
𝑏𝑠 + 𝑓𝑠`

2

(
𝑓𝑠
d`2

d𝛼 | |
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𝜕𝛼 | |
`2

)
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d lnP𝐿,0
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d𝑘
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−
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2
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)] P𝑔

Pobs
,

(A16)

with

d`2

d𝛼 | |
=
2
𝛼 | |

`2 (1 − `2) , (A17)

d𝑘
d𝛼 | |

=
𝑘

𝛼 | |
`2 . (A18)

The growth rate of total matter relevant to the RSD measurements is given by 𝑓𝑠 = ( 𝑓𝑚 + 𝑔𝑚)𝜎8, where

𝑔𝑚 ≡ 𝑄

𝐻𝜌𝑚
=

Γ

𝐻
= −3𝛼(1 −Ω𝑚)

(
𝐻0
𝐻

)2(𝛼+1)
= −3𝛼(1 −Ω𝑚)

(
𝐻0

𝛼 | |𝐻fid

)2(𝛼+1)
. (A19)

Then, we have

𝜕 𝑓𝑠

𝜕𝛼 | |
=

𝜕𝑔𝑚

𝜕𝛼 | |
𝜎8 , (A20)

𝜕𝑔𝑚

𝜕𝛼 | |
= 3𝛼(1 −Ω𝑚)

2(𝛼 + 1)
𝛼2𝛼+3| |

(
𝐻0

𝐻fid

)2(𝛼+1)
. (A21)

• Derivatives of the power spectrum, lnPobs, with respect to the growth rate, 𝑓𝑠:

d lnPobs
d 𝑓𝑠

=
2`2

𝑏𝑠 + 𝑓𝑠`
2
P𝑔

Pobs
. (A22)

• Derivatives of the power spectrum, lnPobs, with respect to the galaxy bias, 𝑏𝑠:

d lnPobs
d𝑏𝑠

=
2

𝑏𝑠 + 𝑓𝑠`
2
P𝑔

Pobs
. (A23)
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• Derivatives of the power spectrum, lnPobs, with respect to the shot noise, Pshot:

d lnPobs
dPshot

=
1

Pobs
, (A24)

and we have assumed Pfidshot = 0 for the fiducial model.

• Derivatives of the power spectrum, lnPobs, with respect to Ω𝑚:

𝜕 lnPobs
𝜕Ω𝑚

=
P𝑔

Pobs

[
2
𝛼⊥

𝜕𝛼⊥
𝜕Ω𝑚

+ 1
𝛼 | |

𝜕𝛼 | |
𝜕Ω𝑚

+ 2
𝑏𝑠 + 𝑓𝑠`

2

(
𝜕𝑏𝑠

𝜕Ω𝑚

+ 𝜕 𝑓𝑠

𝜕Ω𝑚

`2 + 𝑓𝑠
𝜕`2

𝜕Ω𝑚

)
+ 1
P𝐿,0

𝜕P𝐿,0

𝜕Ω𝑚

−
𝑘𝜎2𝑧

𝛼2| |𝐻
2,fid

(
2`2

𝜕𝑘

𝜕Ω𝑚

+ 𝑘
𝜕`2

𝜕Ω𝑚

− 2𝑘`
2

𝛼 | |

𝜕𝛼 | |
𝜕Ω𝑚

)]
, (A25)

with

𝜕𝑘

𝜕Ω𝑚

=
𝜕𝑘

𝜕𝛼⊥

𝜕𝛼⊥
𝜕Ω𝑚

+ 𝜕𝑘

𝜕𝛼 | |

𝜕𝛼 | |
𝜕Ω𝑚

, (A26)

𝜕`2

𝜕Ω𝑚

=
𝜕`2

𝜕𝛼⊥

𝜕𝛼⊥
𝜕Ω𝑚

+ 𝜕`2

𝜕𝛼 | |

𝜕𝛼 | |
𝜕Ω𝑚

. (A27)

• Derivatives of the radial mode, 𝛼 | | , with respect to Ω𝑚:

𝜕𝛼 | |
𝜕Ω𝑚

=
1
𝐸fid

𝜕𝐸

𝜕Ω𝑚

, (A28)

𝜕𝐸

𝜕Ω𝑚

=

[
𝑎−3(𝛼+1) − 1

]
2(𝛼 + 1)

[
Ω𝑚

(
𝑎−3(𝛼+1) − 1

)
+ 1

]−𝛼/(𝛼+1)√︃[
Ω𝑚

(
𝑎−3(𝛼+1) − 1

)
+ 1

]1/(𝛼+1) , (A29)

where 𝐸 ≡ 𝐻/𝐻0.

• Derivatives of the tangential mode, 𝛼⊥, with respect to Ω𝑚:

𝜕𝛼⊥
𝜕Ω𝑚

= −𝛼⊥
1
𝑑𝐶

𝜕𝑑𝐶

𝜕Ω𝑚

, (A30)

𝑑𝐶 (𝑧) =
∫ 𝑧

0
d𝑧′

1
𝐸 (𝑧′) , (A31)

𝜕𝑑𝐶

𝜕Ω𝑚

= −
∫ 𝑧

0
d𝑧′

1
𝐸2 (𝑧′)

𝜕𝐸 (𝑧′)
𝜕Ω𝑚

. (A32)

• Derivatives of the linear power spectrum, P𝐿,0, with respect to Ω𝑚:

𝜕P𝐿,0

𝜕Ω𝑚

= P0𝑛𝑠𝑘𝑛𝑠−1
(
𝜕𝑘

𝜕Ω𝑚

)
T 2 + P0𝑘𝑛𝑠

𝜕T 2
𝜕Ω𝑚

, (A33)

where derivatives of the transfer function are calculated numerically.

• Derivatives of the growth rate, 𝑓𝑠 = 𝑓𝑏𝜎8, with respect to Ω𝑚: when considering only baryonic matter,

𝜕 𝑓𝑠

𝜕Ω𝑚

=

(
𝜕 𝑓𝑏

𝜕Ω𝑚

)
𝜎8 + 𝑓𝑏

(
𝜕𝜎8
𝜕Ω𝑚

)
. (A34)

For total matter, the growth rate relevant to the RSD measurements is given by 𝑓𝑠 = ( 𝑓𝑚 + 𝑔𝑚)𝜎8, where 𝑔𝑚 = 𝑄/(𝐻𝜌𝑚).
Then, it follows that

𝜕 𝑓𝑠

𝜕Ω𝑚

=

(
𝜕 𝑓𝑚

𝜕Ω𝑚

+ 𝜕𝑔𝑚

𝜕Ω𝑚

)
𝜎8 + ( 𝑓𝑚 + 𝑔𝑚)

(
𝜕𝜎8
𝜕Ω𝑚

)
, (A35)
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where

𝜕𝑔𝑚

𝜕Ω𝑚

= 3𝛼
(

𝐻0

𝛼 | |𝐻fid

)2(𝛼+1) [
1 + 2(1 −Ω𝑚) (1 + 𝛼)

𝛼 | |

𝜕𝛼 | |
𝜕Ω𝑚

]
, (A36)

and

𝜕𝜎8
𝜕Ω𝑚

=
𝜎8,0

𝛿𝑚,0

(
𝜕𝛿𝑚

𝜕Ω𝑚

)
+ 𝜎8,0

(
− 𝛿𝑚

𝛿2
𝑚,0

) (
𝜕𝛿𝑚,0

𝜕Ω𝑚

)
. (A37)

Note that derivatives of the density contrasts 𝛿𝑏,𝑚 and of the growth rates 𝑓𝑏,𝑚 are calculated numerically.

• Derivatives of the bias factor, 𝑏𝑠 , with respect to Ω𝑚:

𝜕𝑏𝑠

𝜕Ω𝑚

=

(
𝜕𝑏𝑔

𝜕Ω𝑚

)
𝜎8 + 𝑏𝑔

(
𝜕𝜎8
𝜕Ω𝑚

)
. (A38)

Given the different definition of the galaxy bias for the tracers we have used in this work, in order to treat each of them in
the same way, we have set all 𝜕𝑏𝑔/𝜕Ω𝑚 = 0.

• Derivatives of the power spectrum, lnPobs, with respect to 𝛼: the same equations hold, but with

𝜕𝐸

𝜕𝛼
= −

√︃[
Ω𝑚

(
𝑎−3(𝛼+1) − 1

)
+ 1

] 1
𝛼+1

2(𝛼 + 1)2

[
3(𝛼 + 1)Ω𝑚𝑎

−3(𝛼+1) log(𝑎)
Ω𝑚

(
𝑎−3(𝛼+1) − 1

)
+ 1

+ log
{
Ω𝑚

(
𝑎−3(𝛼+1) − 1

)
+ 1

}]
, (A39)

𝜕𝑔𝑚

𝜕𝛼
= −3(1 −Ω𝑚)

(
𝐻0

𝛼 | |𝐻fid

)2(𝛼+1) [
1 + 2𝛼 ln

(
𝐻0

𝛼 | |𝐻fid

)
− 2𝛼(𝛼 + 1)

𝛼 | |

𝜕𝛼 | |
𝜕𝛼

]
. (A40)

• Derivatives of the power spectrum, lnPobs, with respect to ℎ: the same equations hold, except for:

𝜕𝛼 | |
𝜕ℎ

=
𝛼 | |
ℎ

, (A41)

𝜕𝛼⊥
𝜕ℎ

=
𝛼⊥
ℎ

, (A42)

𝜕𝛿𝑏,𝑚

𝜕ℎ
=

𝜕𝜎8
𝜕ℎ

=
𝜕 𝑓𝑏,𝑚

𝜕ℎ
=

𝜕𝑔𝑚

𝜕ℎ
= 0 . (A43)

• Derivatives of the power spectrum, lnPobs, with respect to 𝑛𝑠: all derivatives are zero, except for:

𝜕P𝐿,0

𝜕𝑛𝑠
= P𝐿,0 ln 𝑘 , (A44)

𝜕 lnPobs
𝜕𝑛𝑠

=
P𝑔

Pobs
ln 𝑘 . (A45)
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Appendix B: Tables for BAO

Table III. Errors for Euclid using baryons and total matter. As we
are focusing only on geometrical cosmological quantities, there is no
difference between the baryons and the total matter scenario in this case.

BAO

ELG

𝑧 𝜎Ω𝑚
𝜎𝛼

1.00 0.128 0.503

1.20 0.105 0.376

1.40 0.097 0.321

1.65 0.085 0.260

Total 0.044 0.148

Table IV. Errors for DESI using baryons and total matter. As we are
focusing only on geometrical cosmological quantities, there is no dif-
ference between the baryons and the total matter scenario in this case.

BAO

Multi-tracers

𝑧 𝜎Ω𝑚
𝜎𝛼

0.1 6.101 163.976

0.3 0.804 7.875

0.5 0.893 5.533

0.7 0.160 0.754

0.9 0.114 0.461

1.1 0.123 0.455

1.3 0.191 0.944

1.5 0.222 0.920

1.7 0.356 1.302

Total 0.051 0.211
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Table V. Errors for J-PAS 4000 deg2 using baryons and total matter. As we are focusing only on geometrical
cosmological quantities, there is no difference between the baryons and the total matter scenario in this
case.

BAO

Multi-tracers LRG ELG QSO

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.3 1.301 11.894 1.529 15.218 1.415 13.589 66.832 625.066

0.5 0.492 2.962 0.592 3.900 0.549 3.487 11.665 71.929

0.7 0.278 1.317 0.363 1.879 0.321 1.603 4.867 23.517

0.9 0.239 0.983 0.430 1.848 0.276 1.168 2.417 9.937

1.1 0.304 1.128 1.797 6.662 0.335 1.248 1.457 5.346

1.3 0.544 1.838 − − 0.858 2.884 0.940 3.178

1.5 0.756 2.403 − − − − 0.756 2.403

1.7 0.686 2.078 − − − − 0.686 2.078

1.9 0.638 1.865 − − − − 0.638 1.865

2.1 0.605 1.719 − − − − 0.605 1.719

2.3 0.585 1.626 − − − − 0.585 1.626

2.5 0.571 1.560 − − − − 0.571 1.560

2.7 0.564 1.520 − − − − 0.564 1.520

2.9 0.566 1.506 − − − − 0.566 1.506

3.1 0.570 1.505 − − − − 0.570 1.505

3.3 0.576 1.510 − − − − 0.576 1.510

3.5 0.588 1.531 − − − − 0.588 1.531

3.7 0.664 1.716 − − − − 0.664 1.716

3.9 0.755 1.939 − − − − 0.755 1.939

Total 0.058 0.220 0.191 0.945 0.114 0.488 0.150 0.425
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Table VI. Errors for J-PAS 8500 deg2 using baryons and total matter. As we are focusing only on geometrical
cosmological quantities, there is no difference between the baryons and the total matter scenario in this
case.

BAO

Multi-tracers LRG ELG QSO

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.3 0.892 8.159 1.049 10.439 0.971 9.322 45.846 428.792

0.5 0.337 2.032 0.406 2.675 0.376 2.392 8.002 49.343

0.7 0.191 0.903 0.249 1.289 0.220 1.100 3.338 16.133

0.9 0.164 0.674 0.295 1.267 0.189 0.801 1.658 6.817

1.1 0.208 0.774 1.232 4.570 0.230 0.856 0.999 3.668

1.3 0.373 1.261 − − 0.589 1.978 0.645 2.180

1.5 0.519 1.649 − − − − 0.519 1.649

1.7 0.470 1.426 − − − − 0.470 1.426

1.9 0.438 1.279 − − − − 0.438 1.279

2.1 0.415 1.179 − − − − 0.415 1.179

2.3 0.402 1.116 − − − − 0.585 1.626

2.5 0.392 1.070 − − − − 0.392 1.070

2.7 0.387 1.042 − − − − 0.387 1.042

2.9 0.388 1.033 − − − − 0.388 1.033

3.1 0.391 1.033 − − − − 0.391 1.033

3.3 0.395 1.036 − − − − 0.395 1.036

3.5 0.403 1.050 − − − − 0.403 1.050

3.7 0.455 1.177 − − − − 0.455 1.177

3.9 0.518 1.330 − − − − 0.518 1.330

Total 0.040 0.151 0.131 0.648 0.078 0.335 0.103 0.292
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Appendix C: Tables for BAO + RSD

Table VII. Errors for Euclid using baryons and total matter.

BAO+RSD

ELG

tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

1.00 0.040 0.119 0.10 0.404

1.20 0.037 0.104 0.095 0.346

1.40 0.038 0.099 0.093 0.312

1.65 0.036 0.087 0.083 0.258

Total 0.019 0.087 0.041 0.138

Table VIII. Errors for DESI using baryons and total matter.

BAO+RSD

Multi-tracers

tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.1 1.013 4.683 1.289 3.369

0.3 0.137 0.470 0.183 0.632

0.5 0.155 0.511 0.201 1.069

0.7 0.038 0.145 0.084 0.387

0.9 0.034 0.114 0.083 0.338

1.1 0.041 0.120 0.104 0.392

1.3 0.040 0.126 0.076 0.384

1.5 0.054 0.154 0.132 0.570

1.7 0.100 0.252 0.267 1.019

Total 0.017 0.054 0.036 0.150
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Table IX. Errors for J-PAS 4000 deg2 using baryons and total matter.

BAO+RSD

Multi-tracers LRG ELG QSO

tot. m. bar. m. tot. m. bar. m. tot. m. bar. m. tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.3 0.124 0.753 0.185 1.030 0.286 0.894 0.369 1.198 0.208 0.836 0.291 1.126 6.692 26.666 9.464 36.166

0.5 0.078 0.383 0.144 0.784 0.139 0.420 0.178 0.911 0.105 0.393 0.159 0.831 1.532 5.510 2.251 11.465

0.7 0.064 0.253 0.144 0.668 0.105 0.301 0.176 0.928 0.079 0.266 0.155 0.769 0.856 2.754 1.590 7.691

0.9 0.071 0.227 0.166 0.692 0.139 0.368 0.283 1.291 0.081 0.246 0.186 0.809 0.547 1.587 1.238 5.272

1.1 0.099 0.279 0.238 0.913 0.565 1.375 1.307 5.107 0.107 0.300 0.260 0.998 0.406 1.081 1.001 3.820

1.3 0.184 0.474 0.451 1.572 − − − − 0.269 0.701 0.687 2.378 0.310 0.772 0.769 2.693

1.5 0.282 0.663 0.679 2.225 − − − − − − − − 0.282 0.663 0.679 2.225

1.7 0.280 0.626 0.649 2.013 − − − − − − − − 0.280 0.626 0.649 2.013

1.9 0.280 0.601 0.621 1.847 − − − − − − − − 0.280 0.601 0.621 1.847

2.1 0.281 0.581 0.599 1.718 − − − − − − − − 0.281 0.581 0.599 1.718

2.3 0.285 0.573 0.584 1.625 − − − − − − − − 0.285 0.573 0.584 1.625

2.5 0.288 0.566 0.571 1.548 − − − − − − − − 0.288 0.566 0.571 1.548

2.7 0.293 0.564 0.563 1.490 − − − − − − − − 0.293 0.564 0.563 1.490

2.9 0.301 0.569 0.562 1.456 − − − − − − − − 0.301 0.569 0.562 1.456

3.1 0.310 0.577 0.563 1.430 − − − − − − − − 0.310 0.577 0.563 1.430

3.3 0.319 0.586 0.564 1.408 − − − − − − − − 0.319 0.586 0.564 1.408

3.5 0.330 0.601 0.570 1.401 − − − − − − − − 0.330 0.601 0.570 1.401

3.7 0.377 0.681 0.639 1.545 − − − − − − − − 0.377 0.681 0.639 1.545

3.9 0.434 0.776 0.720 1.718 − − − − − − − − 0.434 0.776 0.720 1.718

Total 0.030 0.082 0.049 0.176 0.068 0.189 0.104 0.499 0.043 0.132 0.081 0.345 0.077 0.154 0.134 0.370
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Table X. Errors for J-PAS 8500 deg2 using baryons and total matter.

BAO+RSD

Multi-tracers LRG ELG QSO

tot. m. bar. m. tot. m. bar. m. tot. m. bar. m. tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.3 0.085 0.516 0.127 0.706 0.196 0.613 0.253 0.822 0.143 0.574 0.200 0.772 4.590 18.293 6.492 24.810

0.5 0.054 0.263 0.099 0.538 0.096 0.288 0.122 0.625 0.072 0.270 0.109 0.570 1.051 3.780 1.544 7.865

0.7 0.044 0.174 0.099 0.458 0.072 0.206 0.121 0.637 0.054 0.182 0.106 0.527 0.587 1.889 1.091 5.276

0.9 0.049 0.156 0.114 0.475 0.096 0.252 0.194 0.886 0.055 0.169 0.128 0.555 0.375 1.089 0.849 3.617

1.1 0.068 0.191 0.164 0.626 0.388 0.943 0.896 3.503 0.073 0.206 0.178 0.685 0.278 0.742 0.687 2.621

1.3 0.126 0.325 0.309 1.078 − − − − 0.184 0.481 0.471 1.632 0.213 0.530 0.528 1.848

1.5 0.194 0.454 0.466 1.526 − − − − − − − − 0.194 0.454 0.466 1.526

1.7 0.192 0.430 0.445 1.381 − − − − − − − − 0.192 0.430 0.445 1.381

1.9 0.192 0.412 0.426 1.267 − − − − − − − − 0.192 0.412 0.426 1.267

2.1 0.193 0.399 0.411 1.179 − − − − − − − − 0.193 0.399 0.411 1.179

2.3 0.195 0.393 0.401 1.114 − − − − − − − − 0.195 0.393 0.401 1.114

2.5 0.198 0.388 0.392 1.062 − − − − − − − − 0.198 0.388 0.392 1.062

2.7 0.201 0.387 0.386 1.022 − − − − − − − − 0.201 0.387 0.386 1.022

2.9 0.207 0.390 0.386 0.999 − − − − − − − − 0.207 0.390 0.386 0.999

3.1 0.213 0.396 0.386 0.981 − − − − − − − − 0.213 0.396 0.386 0.981

3.3 0.219 0.402 0.387 0.966 − − − − − − − − 0.219 0.402 0.387 0.966

3.5 0.227 0.412 0.391 0.961 − − − − − − − − 0.227 0.412 0.391 0.961

3.7 0.259 0.467 0.438 1.060 − − − − − − − − 0.259 0.467 0.438 1.060

3.9 0.298 0.533 0.494 1.178 − − − − − − − − 0.298 0.533 0.494 1.178

Total 0.021 0.056 0.034 0.121 0.046 0.129 0.071 0.342 0.030 0.090 0.055 0.236 0.053 0.106 0.092 0.254
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Appendix D: Tables for BAO + RSD + PS

Table XI. Errors for Euclid using baryons and total matter.

BAO+RSD+PS

ELG

tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

1.00 0.0029 0.018 0.0023 0.038

1.20 0.0027 0.014 0.0023 0.032

1.40 0.0027 0.013 0.0025 0.028

1.65 0.0025 0.011 0.0024 0.022

Total 0.001 0.007 0.001 0.014

Table XII. Errors for DESI using baryons and total matter.

BAO+RSD+PS

Multi-tracers

tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.1 0.014 0.354 0.014 0.194

0.3 0.006 0.102 0.005 0.084

0.5 0.008 0.101 0.007 0.127

0.7 0.003 0.027 0.002 0.040

0.9 0.003 0.019 0.002 0.034

1.1 0.003 0.017 0.002 0.036

1.3 0.003 0.021 0.002 0.039

1.5 0.004 0.023 0.003 0.057

1.7 0.006 0.036 0.007 0.101

Total 0.001 0.009 0.001 0.016
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Table XIII. Errors for J-PAS 4000 deg2 using baryons and total matter.

BAO+RSD+PS

Multi-tracers LRG ELG QSO

tot. m. bar. m. tot. m. bar. m. tot. m. bar. m. tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.3 0.010 0.141 0.009 0.099 0.011 0.219 0.010 0.188 0.011 0.156 0.010 0.118 0.272 3.801 0.256 2.844

0.5 0.006 0.073 0.006 0.069 0.007 0.103 0.007 0.147 0.007 0.077 0.006 0.083 0.080 0.870 0.071 0.918

0.7 0.005 0.047 0.004 0.060 0.006 0.066 0.006 0.139 0.006 0.049 0.005 0.071 0.047 0.421 0.041 0.622

0.9 0.005 0.039 0.004 0.068 0.007 0.070 0.009 0.166 0.006 0.040 0.005 0.074 0.030 0.234 0.027 0.460

1.1 0.007 0.041 0.006 0.086 0.026 0.245 0.033 0.589 0.007 0.043 0.006 0.090 0.022 0.155 0.023 0.358

1.3 0.011 0.063 0.011 0.144 − − − − 0.016 0.088 0.015 0.201 0.017 0.109 0.019 0.256

1.5 0.015 0.093 0.017 0.205 − − − − − − − − 0.015 0.093 0.017 0.205

1.7 0.014 0.088 0.017 0.179 − − − − − − − − 0.014 0.088 0.017 0.179

1.9 0.014 0.086 0.016 0.159 − − − − − − − − 0.014 0.086 0.016 0.159

2.1 0.014 0.084 0.016 0.145 − − − − − − − − 0.014 0.084 0.016 0.145

2.3 0.014 0.084 0.016 0.135 − − − − − − − − 0.014 0.084 0.016 0.135

2.5 0.014 0.085 0.016 0.128 − − − − − − − − 0.014 0.085 0.016 0.128

2.7 0.014 0.086 0.016 0.124 − − − − − − − − 0.014 0.086 0.016 0.124

2.9 0.015 0.087 0.016 0.121 − − − − − − − − 0.015 0.087 0.016 0.121

3.1 0.015 0.090 0.016 0.120 − − − − − − − − 0.015 0.090 0.016 0.120

3.3 0.015 0.092 0.017 0.119 − − − − − − − − 0.015 0.092 0.017 0.119

3.5 0.016 0.095 0.017 0.120 − − − − − − − − 0.016 0.095 0.017 0.120

3.7 0.018 0.108 0.019 0.134 − − − − − − − − 0.018 0.108 0.019 0.134

3.9 0.020 0.124 0.022 0.150 − − − − − − − − 0.020 0.124 0.022 0.150

Total 0.002 0.016 0.004 0.038 0.004 0.042 0.004 0.075 0.003 0.023 0.002 0.035 0.004 0.024 0.004 0.037
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Table XIV. Errors for J-PAS 8500 deg2 using baryons and total matter.

BAO+RSD+PS

Multi-tracers LRG ELG QSO

tot. m. bar. m. tot. m. bar. m. tot. m. bar. m. tot. m. bar. m.

𝑧 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼 𝜎Ω𝑚
𝜎𝛼 𝜎Ω𝑚

𝜎𝛼

0.3 0.007 0.097 0.006 0.068 0.007 0.151 0.007 0.129 0.007 0.107 0.007 0.081 0.186 2.608 0.176 1.951

0.5 0.004 0.050 0.004 0.047 0.005 0.071 0.005 0.101 0.005 0.053 0.004 0.057 0.055 0.597 0.049 0.630

0.7 0.004 0.032 0.003 0.041 0.004 0.045 0.004 0.095 0.004 0.033 0.003 0.049 0.032 0.289 0.028 0.427

0.9 0.004 0.026 0.003 0.046 0.005 0.048 0.006 0.114 0.004 0.027 0.003 0.050 0.020 0.161 0.019 0.315

1.1 0.005 0.028 0.004 0.059 0.018 0.168 0.022 0.404 0.005 0.029 0.004 0.062 0.015 0.106 0.015 0.246

1.3 0.007 0.043 0.007 0.099 − − − − 0.011 0.060 0.010 0.138 0.011 0.074 0.013 0.176

1.5 0.010 0.064 0.012 0.141 − − − − − − − − 0.010 0.064 0.012 0.141

1.7 0.010 0.061 0.012 0.123 − − − − − − − − 0.010 0.061 0.012 0.123

1.9 0.010 0.059 0.011 0.109 − − − − − − − − 0.010 0.059 0.011 0.109

2.1 0.010 0.058 0.011 0.099 − − − − − − − − 0.010 0.058 0.011 0.099

2.3 0.010 0.058 0.011 0.093 − − − − − − − − 0.010 0.058 0.011 0.093

2.5 0.010 0.058 0.011 0.088 − − − − − − − − 0.010 0.058 0.011 0.088

2.7 0.010 0.059 0.011 0.085 − − − − − − − − 0.010 0.059 0.011 0.085

2.9 0.010 0.060 0.011 0.083 − − − − − − − − 0.010 0.060 0.011 0.083

3.1 0.010 0.062 0.011 0.082 − − − − − − − − 0.010 0.062 0.011 0.082

3.3 0.010 0.063 0.011 0.082 − − − − − − − − 0.010 0.063 0.011 0.082

3.5 0.011 0.065 0.012 0.082 − − − − − − − − 0.011 0.065 0.012 0.082

3.7 0.012 0.074 0.013 0.092 − − − − − − − − 0.012 0.074 0.013 0.092

3.9 0.014 0.085 0.015 0.103 − − − − − − − − 0.014 0.085 0.015 0.103

Total 0.001 0.011 0.001 0.013 0.003 0.029 0.003 0.051 0.002 0.015 0.002 0.024 0.003 0.017 0.003 0.025
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